Abstract: The standard energy conditions of classical general relativity are (mostly) linear in the stress-energy tensor, and have clear physical interpretations in terms of geodesic focussing, but suffer the significant drawback that they are often violated by semi-classical quantum effects. In contrast, it is possible to develop non-standard energy conditions that are intrinsically non-linear in the stress-energy tensor, and which exhibit much better well-controlled behaviour when semi-classical quantum effects are introduced, at the cost of a less direct applicability to geodesic focussing. In this chapter we will first review the standard energy conditions and their various limitations. (Including the connection to the Hawking-Ellis type I, II, III, and IV classification of stress-energy tensors). We shall then turn to the averaged, nonlinear, and semi-classical energy conditions, and see how much can be done once semi-classical quantum effects are included.
Introduction
The energy conditions, be they classical, semiclassical, or "fully quantum" are at heart purely phenomenological approaches to deciding what form of stress-energy is to be considered "physically reasonable". As Einstein put it, the LHS of his field equations G ab = 8πG N T ab represents the "purity and nobility" of geometry, while the RHS represents "dross and uncouth" matter. If one then makes no assumptions regarding the stress-energy tensor, then the Einstein field equations are simply an empty tautology. It is only once one makes some assumptions regarding the stress-energy tensor, (zero for vacuum, "positive" in the presence of matter), that solving the Einstein equations becomes closely correlated with empirical reality. The energy conditions are simply various ways in which one can try to implement the idea that the stress-energy tensor be "positive" in the presence of matter, and that gravity always attracts. In this chapter we shall first discuss the standard point-wise energy conditions, and then move on to their generalizations obtained by averaging along causal curves, and some nonlinear variants thereof, and finally discuss semi-classical variants.
Standard energy conditions
General relativity, as well as other metric theories of gravity, proposes a way in which the matter content affects the curvature of the spacetime. The theory of gravity itself, however, does not per se tell us anything specific about the kind of matter content that we should consider. If we are interested in extracting general features about the spacetime, independently of the form of the stress-energy tensor of matter fields, we have to consider purely geometric expressions such as the Raychaudhuri equation. This equation describes the focussing of a congruence of timelike curves in a given geometry. Particularized to geodesic motion it can be expressed as [1] dθ ds = ω ab ω ab − σ ab σ ab − 1 3
where ω ab is the vorticity, σ ab is the shear, θ is the expansion, and V a is the timelike unit vector tangent to the congruence. Note that for a congruence of time-like geodesics with zero vorticity, for which V a ∝ ∇ a Φ(x) with Φ(x) a scalar field [2] , the only term on the RHS of equation (3. 2) that can be positive is the last term. Hence, if R ab V a V b ≥ 0, then the expansion decreases and, as free-falling observers follow geodesics, observers that only feel the gravitational interaction get closer to each other. This fact allows one to formulate the following geometric condition: Time-like convergence condition (TCC): Gravity is always attractive provided
Note that although the TCC ensures focussing of timelike geodesics the contrary statement is not necessarily true, that is R ab V a V b < 0 does not automatically imply geodesics defocusing [3] . As R ab depends on the stress-energy tensor through the equations of the dynamics, the TCC imposes restrictions on the material content that depends on the specific theory of gravity.
Analogously, one can take the equation for the focussing of a congruence of null geodesics with vanishing vorticity, and formulate the null convergence condition 1 (NCC). This is a particular limit of the TCC and requires that R ab k a k b ≥ 0 for any null-vector k a . It should be noted that hypothetical astronomical objects like wormholes would necessarily violate the NCC [8] [9] [10] . Furthermore, this condition might also be violated during the early universe if one wishes to avoid the big bang singularity [3, 11, 12] .
Following a different spirit, one could consider imposing an assumption on the form of the stress-energy tensor based on our daily experience through some energy condition. This can be done restricting attention to a given theory of gravity. Such is the case for the strong energy condition which is formulated as: Strong energy condition (SEC): Gravity is always attractive in GR.
This SEC condition takes into account both the TCC and the Einstein equations in its mathematical formulation. Hence, properly speaking, it only makes sense to refer to the SEC in a general relativistic framework.
More generally, by looking at the world around us we can also assert certain properties that any "reasonable" material content should satisfy independently of the theory of gravity describing the curvature of spacetime. These energy conditions can be used later to study the geometry once the theory of gravity is fixed. The energy conditions commonly considered in the literature are [1, 13] : Dominant energy condition (DEC): The energy density measured by any observer is non-negative and propagates in a causal way.
Here we have defined the flux 4-vector as
and it is understood that the inequalities contained in expression (2.4) have to be satisfied for any timelike vector. Weak energy condition (WEC): The energy density measured by any observer has to be non-negative.
T
Therefore, if the WEC is not satisfied, then the DEC has to be violated. However, the WEC and the SEC are, in principle, completely independent. Null energy condition (NEC): The SEC and the WEC are satisfied in the limit of null observers.
It should be noted that the NCC is completely equivalent to the NEC within the framework of GR. By its very definition if the NEC is violated, then the SEC, on one hand, and the WEC and DEC, on the other hand, cannot be satisfied. Historically, there was also a trace energy condition (TEC), the assertion that the trace of the stress energy tensor should (in − + ++ signature) be non-positive. While for several decades in the 50s and 60s this was believed to be a physically reasonable condition, opinion has now shifted, (specifically with the discovery of stiff equations of state for neutron star matter), and the TEC has now largely been abandoned [13] . (See also reference [14] for uses of the less known subdominant trace energy condition, and reference [15] for the practically unnoticed quasilocal energy conditions.) This cautionary tale indicates that one should perhaps take the energy conditions as provisional, they are good ways of qualitatively and quantitatively characterizing the level of weirdness one is dealing with, but they may not actually be fundamental physics.
The Hawking-Ellis type I -type IV classification
The Hawking-Ellis classification, (more properly called the Segre classification), of stress-energy tensors is based on the extent to which the ortho-normal components of the stress-energy can be diagonalized by local Lorentz transformations:
Equivalently, one is looking at the Lorentz invariant eigenvalue problem
Here as usual η ab = diag(−1, 1, 1, 1). In Lorentzian signature T a b is not symmetric, so diagonalization is trickier than one might naively expect. Even the usual Jordan decomposition is not particularly useful, (since for physical reasons one is interested in partial diagonalization using Lorentz transformations, rather than the more general similarity transformations which could lead to non-diagonal unphysical T ab ), and so it is more traditional to classify stress-energy tensors in terms of the spacelike/lightlike/timelike nature of the eigenvectors. Based on (a minor variant of) the discussion of Hawking and Ellis the four types (when expressed in an orthonormal basis) are:
• Type I:
This is the generic case, there is one timelike, and 3 spacelike eigenvectors. For a type I stress tensor the classical energy conditions can be summarized (in terms of necessary and sufficient constraints) as:
• Type II:
This corresponds to one double-null eigenvector k a = (1; 1; 0; 0), so that:
Classically, the chief physically significant observed occurrence of type II stress-energy is when µ = p i = 0, in which case one has
This corresponds to classical radiation or null dust.
One could also set p i = −µ in which case
This corresponds to a superposition of cosmological constant and classical radiation or null dust. Finally, if one sets p i = +µ then one has
This corresponds to a classical electric (or magnetic) field of energy density µ aligned with classical radiation or null dust.
For a type II stress tensor the classical energy conditions can be summarized as:
• Type III:
This corresponds to one triple-null eigenvector k a = (1; 1; 0; 0).
with η
The Lorentz invariant eigenvalues of T a b are now {−ρ, −ρ, −ρ, p}. Classically, type III does not seem to occur in nature -the reason for which becomes "obvious" once we look at the standard energy conditions. Even semi-classically this type III form is forbidden (for instance) by either spherical symmetry or planar symmetry -we know of no physical situation where type III stress-energy tensors arise.
For a type III stress tensor the NEC cannot be satisfied for f = 0, and so the only way that any of the standard energy conditions can be satisfied for a type III stress-energy tensor is if f = 0, in which case it reduces to type I. So if one ever encounters a nontrivial type III stress-energy tensor, one immediately knows that all of the standard energy conditions are violated.
(This of course implies that any classical type III stress tensor, since it would have to violate all the energy conditions, would likely be grossly unphysical -so it is not too surprising that no classical examples of type III stress-energy have been encountered.)
• Type IV:
3 For type III Hawking and Ellis choose to set f → 1, which we find unhelpful.
This corresponds to no timelike or null eigenvectors. The Lorentz invariant eigenvalues of
Classically, type IV does not seem to occur in nature. Again, a necessary condition for the NEC to be satisfied for a type IV stress tensor is f = 0. The only way that any of the standard energy conditions can be satisfied for a type IV stressenergy tensor is if f = 0, in which case it reduces to type I. So whenever one encounters a nontrivial type IV stress-energy tensor, one immediately knows that all of the standard energy conditions are violated. (Again, this of course implies that any classical type IV stress tensor, since it would have to violate all the energy conditions, would likely be grossly unphysical -so it is not too surprising that no classical examples of type IV stress-energy have been encountered.)
Semi-classically, however, vacuum polarization effects do often generate type IV stress energy [16] . The renormalized stress-energy tensor surrounding an evaporating (Unruh vacuum) black hole will be type IV in the asymptotic region [17] , (with spherical symmetry enforcing p 1 = p 2 ). As it will be type I close to the horizon, there will be a finite radius at which it will be type II.
• Euclidean signature:
Since we have seen this point cause some confusion, it is worth pointing out that when working in Euclidean signature (in an orthonormal basis) the eigenvalue problem simplifies to the standard case
Since T ab is symmetric it can be diagonalized by ordinary orthogonal 4-matrices. The symmetry group is now O(4), not O(3, 1). So in Euclidean signature all stress energy tensors are of type I.
The other thing that happens in Euclidean signature us that, because one no longer has the timelike/lightlike/spacelike distinction, both the NEC and DEC simply cannot be formulated. In fact it is best to abandon even the WEC, and concentrate attention on a Euclidean variant of the SEC: 4 For type IV Hawking and Ellis choose
We have found the version presented in the text to be more useful.
-Euclidean Ricci convergence condition: R ab V a V b ≥ 0 for all vectors.
-Euclidean SEC:
• Classifying the Ricci and Einstein tensors:
Instead of applying the Hawking-Ellis type I -type IV classification to the stressenergy tensor, one could choose to apply these ideas directly to the Ricci tensor (or Einstein tensor). The type I -type IV classification would now become statements regarding the number of spacelike/null/eigenvectors of the Ricci/Einstein tensor, and the associated eigenvalues would have a direct interpretation in terms of curvature, (rather than densities, fluxes, and stresses). Formulated in this way, this directly geometrical approach would then lead to constraints on spacetime curvature that would be independent of the specific gravity theory one works with.
Alternative canonical form
Sometimes it is useful to side-step the Hawking-Ellis classification and, using only rotations, reduce an arbitrary stress-energy tensor to the alternative canonical form
The advantage of this alternative canonical form is that it covers all of the HawkingEllis types simultaneously. The disadvantage is that it easily provides us with necessary conditions, but does not easily provide us with sufficient conditions for generic stress tensors. For example, enforcing the NEC requires
By summing over ±β one obtains
which in turn implies NEC:
These are necessary and sufficient conditions for the NEC to hold -the quadratic occurrence of the β i makes it difficult to simplify these further. Similarly for the WEC one finds WEC:
For the SEC one obtains SEC:
again with i β 2 i ≤ 1. Finally, the DEC is somewhat messier. The DEC amounts to the WEC plus the relatively complicated constraint
This can be slightly massaged to yield
again with i β 2 i ≤ 1. Unfortunately this seems to be the best that can generically be done for the DEC in this alternative canonical form.
Limitations of the standard energy conditions
For practical computations the energy conditions are most often rephrased in terms of the parameters appearing in the type I -type IV classification, as presented in section 2.1, with type I stress-energy being the most prominent. (The other types are often quietly neglected.) When expressed in this form, the standard energy conditions can easily be compared with both classical and with published semi-classical estimates of the renormalized expectation value of the quantum stress-energy tensor.
Beyond the strong physical intuition in which the energy conditions are based, there are deep theoretical reasons why one should wish the energy conditions to be satisfied. It is known that violations of the NEC, which is the weaker energy condition we have presented for the moment, may signal the presence of instabilities and superluminal propagation 5 [18] [19] [20] [21] . Moreover, stress-energy tensors violating the NEC can support hypothetical configurations as wormholes [9] and warp drives [25] in the framework of general relativity 6 , which may lead to pathological situations. In addition, the energy conditions are central to proving the positivity of mass [49] and the singularity theorems [1, 3] . In this context, although one might think that violations of the NEC might always allow us to get rid of uncomfortable singularities, this is not the case [50, 51] , and they can instead introduce new kinds of cosmic singularities instead [52] [53] [54] [55] [56] . Nevertheless, it is already well-known that the energy conditions are violated in realistic situations, violations of these energy conditions in the presence of semi-classical effects being very common. Among many situations where one or more of the energy conditions are violated we mention:
• SEC has to be violated in cosmological scenarios during the early phase of inflationary expansion and at the present time [57] [58] [59] [60] [61] .
• It is easy to find violations of the SEC associated even with quite normal matter [63, 64] .
• Non-minimally coupled scalar fields can easily violate all the energy conditions even classically [62] .
(However, those fields may be more naturally interpreted as modifications of general relativity in some cases.)
• The Casimir vacuum violates all the mentioned energy conditions [16] .
• Numerically estimated renormalized vacuum expectation values of test-field quantum stress tensors surrounding Schwarzschild and other black holes [65] .
(EC violations occur, to one extent or another, for all of the standard quantum vacuum states: Boulware [66] , Hartle-Hawking [67] , and Unruh [68] .)
• Explicitly calculable renormalized vacuum expectation values of test-field quantum stress tensors in 1+1 dimensional QFTs [69] .
(Again, energy condition violations occur to one extent or another, for all of the standard quantum vacuum states: Boulware, Hartle-Hawking, and Unruh.)
Finally, it should be emphasized that the DEC, WEC, and NEC impose restrictions on the form of the stress-energy tensor of the matter fields independently of the theory of gravity. However, when these conditions are used to extract general features of the spacetime, (such as, for example, the occurrence of singularities), one considers a particular theory of gravitation. Therefore, although the existence of wormholes and bouncing cosmologies required violations of the NEC in general relativity, in modified gravity theories the NCC could be violated by material content satisfying the NEC. In that case, it is possible to define an effective stress-energy tensor putting together the modifications with respect to general relativity that violates the NEC [62, [70] [71] [72] [73] [74] . As this effective tensor is not associated with matter, there is no reason to require that it had some a priori characteristics. Hence, one may obtain wormhole solutions supported by matter with "positive" energy [75] [76] [77] , as in some of the examples reviewed in the first part of this book.
Averaged energy conditions
The key to the averaged energy conditions is simply to integrate the Raychaudhuri equation along a timelike geodesic
Assuming zero vorticity, and noting that both σ ab σ ab ≥ 0 and θ 2 ≥ 0 we have
That is, a constraint on the integrated timelike convergence condition, R ab V a V b ds, is sufficient to control the convergence of timelike geodesics. In applications, the integral generally runs from some base point along a timelike geodesic into the infinite future. We formulate the ATCC (averaged timelike convergence condition): Averaged time-like convergence condition (ATCC): Gravity attracts provided
In standard general relativity the Einstein equations allow one to reformulate this as Averaged strong condition (ASEC): Gravity in GR attracts on average.
Similar logic can be applied to null geodesic congruences and the Raychaudhuri equation along null geodesics to deduce Averaged null convergence condition (ANCC): Gravity attracts provided
In standard general relativity the Einstein equations allow one to reformulate this as Averaged null energy condition (ANEC): A necessary requirement for gravity to attract in GR on average is
Note that the integral must be performed using an affine parameter -with arbitrary parameterization these conditions would be vacuous. This ANEC has attracted considerable attention over the years 7 to prove singularity theorems [85, 86] and is for instance the basis of the topological censorship theorem [87, 88] forbidding a large class of traversable wormholes. However, note that even the ANEC can be violated by conformal anomalies [89] , so to have any hope of a truly general derivation of the ANEC from more fundamental principles, one would need to enforce some form of conformal anomaly cancellation.
Nonlinear energy conditions
The idea behind nonlinear energy conditions is inspired to some extent by the qualitative difference between the NEC/WEC/SEC and the DEC. The NEC/WEC/SEC are strictly linear -any sum of stress-energy tensors satisfying these conditions will also satisfy the same condition. This linearity fails however for the DEC, which can be rephrased as the two conditions
The second quadratic condition is imply the statement that the flux F be non spacelike. We can further combine these into one quadratic condition
That is, the DEC (suitably rephrased) is a nonlinear quadratic constraint on the stressenergy, and it is this version of the DEC that can naturally be integrated along timelike geodesics to develop an ADEC. Furthermore this observation opens up the possibility that other nonlinear constraints on the stress-energy might be physically interesting. Among such possibilities, we mention the flux energy condition [90, 91] , determinant energy condition, and trace-of-square energy condition [17] . Flux energy condition (FEC): The energy density measured by any observer propagates in a causal way.
It has to be emphasized that the FEC does not assume anything about the sign of the energy density. Moreover, by its very definition the DEC is just the combination of the WEC and the FEC. For the different types of stress energy tensor we have
The FEC cannot be satisfied for genuine (that is f = 0) types III and IV. The FEC is a weakening of the DEC, and is equivalent to the single quadratic constraint
Once phrased in this way, it becomes clear how to formulate an averaged version of the FEC. Averaged flux energy condition (AFEC):
On the other hand, among other non-linear combinations of the stress-energy tensor, we might consider the following energy conditions: Determinant energy condition (DETEC): The determinant of the stress-energy tensor is nonnegative.
det
In terms of the type decomposition we have
Trace-of-square energy condition (TOSEC): The trace of the squared stress-energy tensor is nonnegative.
Since the TOSEC is basically a sum of squares, it is only in Lorentzian signature that it can possibly be nontrivial -and even in Lorentzian signature only a type IV stress-energy tensor can violate the TOSEC. Some comments about the fulfilment of these conditions are in order [17] :
• DETEC is violated in cosmological scenarios during the early inflationary phase and at the present time in the framework of GR.
• FEC is violated by the Casimir vacuum, but it can be satisfied by the renormalized stress-energy tensor of the Boulware vacuum of a Schwarzschild spacetime.
• TOSEC can be violated by the Unruh vacuum of a Schwarzschild spacetime.
Semi-classical energy conditions
We now note that when considering semi-classical effects the ECs may be violated, although the relevant inequalities are typically not satisfied only by a small amount. This fact led us to formulate the semi-classical energy conditions in a preliminary and somewhat vague way, to allow them to quantify the violation of the classical ECs, before considering a particular more specific formulation [17, 91] .
Quantum WEC (QWEC): The energy density measured by any observer should not be excessively negative. The QWEC, therefore, allows the energy density to be negative in semi-classical situations but its value has to be bounded from below. Now, assuming that this bound depends on characteristics of the system, such as the number of fields N , the system 4-velocity U a , and a characteristic distance L, we can formulate the QWEC as
Here ζ is a parameter of order unity. For the QWEC we have:
In a similar way, other quantum (semi-classical) energy conditions have been formulated. Quantum FEC (QFEC): The energy density measured by any observer either propagates in a causal way, or does not propagate too badly in an acausal way. So, the QFEC allows the flux 4-vector to be (somewhat) space-like in semi-classical situations but its norm has to be bounded from above. It can be written as
Here ζ is again a parameter of order unity. For the QFEC we have:
Analogously with the classical energy conditions, the quantum DEC (QDEC) would be satisfied in situations where both the QWEC and QFEC are fulfilled. That is, the QDEC states the following Quantum DEC (QDEC): The energy density measured by any observer should not be excessively negative, and it either propagates in a causal way or does not propagate too badly in an acausal way.
In order to get the relevant inequalities for the QDEC to be satisfied for types I -IV stress-energy tensors, one needs just to combine the inequalities of the QWEC and QFEC tables, taking into account that the two ζ's should be kept distinct.
(For a recent rediscovery of a quantum energy condition along the lines investigated in references [17, 91, 92] and presented here see reference [93] . For non-local quantum energy inequalities see references [94, 95] .) Regarding the semi-classical quantum energy conditions it should be noted that:
• QECs are, of course, satisfied in classical situations where their classical counterparts are satisfied.
• The Casimir vacuum satisfies the QECs presented here [17] .
• QFEC can be satisfied by the Boulware and Unruh vacuum even in situations where the QWEC is violated [91] .
• The QECs can be used as a way of quantifying/minimizing the violation of the ECs.
Concerning the last point it should be clarified we are referring to quantifying the degree of violation of an energy condition for a given amount of matter [92, [96] [97] [98] , and not to minimizing the quantity of matter violating the energy condition [99] [100] [101] .
Discussion
As we have seen, the energy conditions (both classical and semi-classical) are numerous and varied, and depending on the context can give one rather distinct flavours of both qualitative and quantitative information -either concerning the matter content, or concerning the (attractive) nature of gravity. Variations on the original classical pointwise energy conditions are still under development and investigation, and the status of the energy conditions as fundamental physics should still be considered provisional.
There is no strict ordering on the set of energy conditions, at best a partial ordering, so there is no strictly "weakest" energy condition. Nonetheless, perhaps the weakest of the usual energy conditions (in terms of the constraint imposed on the stress energy) is the ANEC, which makes it the strongest energy condition in terms of proving theorems. Attempts at developing a general proof of the ANEC are ongoing -part of the question is exactly what one might mean by "proving an energy condition" from more fundamental principles. It should be noted, however, that even the ANEC can be violated by conformal anomalies, so to have any hope of a truly general derivation of the ANEC from more fundamental principles, one would need to enforce some form of conformal anomaly cancellation.
On the other hand, it should be emphasized that FEC is completely independent of the NEC. Hence, there could be in principle realistic situations where the stress-energy tensor violates the ANEC but satisfies the FEC. Although, as we have reviewed, the FEC can be violated by semi-classical effects, its quantum counterpart is satisfied by the renormalized stress-energy tensor of quantum vacuum states.
An alternative approach is to formulate curvature conditions directly on the Ricci or Einstein tensors, and then use global analysis, (based, for instance, on the Raychaudhuri equation or its generalized variants) to extract information regarding curvature singularities and/or the Weyl tensor.
